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Abstract

This paper explains how to obtain the existence and uniqueness of weak
solutions for the weighted p-Laplacian boundary problem of Steklov
and Neumann, relying on Browder’s theorem under conditions of the
monotonous function f. The paper also discusses the behavior of the
problems through the numerical results. Additionally, to illustrate the
effectiveness of our approach, examples of both linear and nonlinear
equations are presented.

Key Words: p-Laplacian operator, Steklov, Neumann problems, Nu-
merical results.
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1 Introduction

As known, p-Laplacian operator appears in pure mathematics such as applied mathematics and prob-
lems of curves. Furthermore, it intervenes in numerous fields in experimental sciences: nonlinear reaction-
diffusion problems, non-Newtonian fluids flows, dynamics of populations, nonlinear elasticity and petroleum
extraction [(Diaz 1985)], flows through porous medias, torsional creep problems etc.

Even though, the p-Laplacian equation has been studied widely over the past fifty years, some problems
remain open. Among the previous studies from 1980 to 1989 to name but a few see [(Otani 1984), (Thelin
1984), (Serrin 1986), (Otani 1988), (Thelin 1987), (Sakaguchi 1987), (Anane 1987) and (Barles 1988)],
from 1990 to 2000 see [(Lindqvist 1990), ( Anane and Gossez 1990), (Manasevich and Del Pino 1991) ,
(Drabek 1995).(Drabek and Huang 1997) and ( Bechah, Chaib and Thelin 2000 )].

Moreover, the study of partial differential equations and variational problems in the presence of variable
exponents has been a successful in recent years, see for example [( Mihailescu 2007), ( Dend 2008 ), (El
Amrouss, Moradi and Moussaoui 2009) and ( Ayoujil and El Amrouss 2011 )].

On the other hand, the numerical solution of singularly perturbed boundary value problems has recently
received much attention and still constitutes a very active research area, as evidenced by research arti-
cles and books, describing various methods for solving singular perturbation problems see for example
[(Kumar, Srivastava and Kumar Singh 2012), (Hssini, Massar, Talbi and Tsouli 2014), (Lindqvist 2005),
(Neuberger and Swift 2001), (Torné 2005), (Weng, Zhai and Feng 2015) and (El-zahrani and Serag)].

In this paper, we are interested in proving the existence and uniqueness of weak solutions of the two
strongly nonlinear elliptic problems where the diffusion term is the p Laplacian operator which can be
written as follows:

(P.1) —Ayu+ a;(z)|ufP~?u = fi(z,u) in Q
UL IV (1-9) 3 = ai(z,w)  on 0Q,

i=1and 2, y=0and 1. Let  be a bounded domain in RV, (N > 2), (1 < p < +0).

(Pr1.1) is the first problem (P;) such that ai(x) =1, fi(z,u) =0 and gi(z,u) = f(z,u).

(Pap) is the second problem (P;) such that 0 < a < ay(x) = a(x) < 8 < +oo, fo(z,u) = f(x,u) and
g2(z,u) = 0.

The non linearity f: 2 x R — R be a Caratheodory (CAR) Satisfies the following :

() f(xz,s1) < f(z,s2) for a.e o € 9 and Vs1, 59 € R, 51 > s9.

(Hs) |f(x,8)| € fo(x) + c|s|P~! for ae z € 99 for all s € R

that there exists fo € L¥ (99), ¢ > 0.

The rest of the paper is organized as follows: section 2 addresses the main result on the existence
and uniqueness of weak solutions of the problems (P;) and (P,), some examples as applications of our
results are presented in Section 3.Finally, in section 4, we discussed the numerical results with Steklov
or Neumann boundary conditions using MATLAB.

2 Existence and uniqueness results

In this section, we are going to prove the existence and uniqueness of weak solution for equations (P;)
and (P;) using Browder theorem.

Definition 2.1 We say that u € W'P() is a weak solution to equation (P) if
Jo IVulP~2VuVeds + [, [ufP~2upds = [y, f(z,u)edz Vo € W2(Q).
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Definition 2.2 We say that u € W'(Q) is a weak solution to equation (Ps) if [, |VuP~ Y uVpds +
Joa(x)uP~upde = [ f(z,u)pdz, Vo € WHP(Q).

Our main results concerning problems (P;) and (FP») are the following theorems :

Theorem 2.1 Let p > 2, and f(x,u) € CAR(Q x R) satisfy (Hy) and (Hs). Then problem (P;) has a
unique weak solution.

Proof :

We define for the operator A : WhP(Q) — (WP(Q)), as A = J — F, where the operators .J : WP({) —
(Wir(Q)Y, and F : WLr(Q) — (Wle(Q)) are given by

(J(u), ) :/ |Vu|P_2Vthpdz+f |u[P~2upda
Q 0

and

(Fu),p) = /m fla, u)pdz

for all u,p € WP(Q). Thus, to find a weak solution of (P;) is equivalent to finding W#(€2) which
satisfies the operator equation A(u) = 0. Following, the properties of the operators .J and F:

a) J and F are well defined. Using Hélders inequality, we have {J(u),¢) = [, |VulP~?VuVedz +
Jo lelP?updz

1 1 1 L
(I () p)| < fo [VulP~HVeldz + [, [ulP ol < (fo IVulP)? ([ IVel?)? + (fo [ul®)¥ (fo leP)? < oco.
And

(F(),9) = [y J @ 0)pdal (F (). )] < fon (. 0)plde < [y (fola) + cluP=")[plde By Holders -
N 1 1 1

equality, |[(F(u), )| < (fm |f0(m)|3’) (s 12P)® + e (fo [ulP)7 (Jyq #lP)? < co And hence J et F

are well defined.

b) J and F are bounded operators. Indeed, for every u such that
[ullwis@) < M We have

W@ lgriay = 5w (@< s (JolVul'[Voldz + fo lulP-"lg)ds.
el tp oy <t el rp ey <t

1 1 1 1

4 » 7 H

17 ooy = | sup ((/ war)” (feer)” = (L) () ‘P))
‘lelwl._p(g)il Q Q Q Q

2 5
= B0 (IIVHIJEPHPHLP 4 IJUIIEHIIsOIILP)

llell<

r r
< \VullZ, + el <l + [[ull 7 2wl ¥ < 2M7 . Also, we get

IF@lnqy = swp |(Fu)@)l < sup fm(fo(ﬂr)w%lul*"])\w

| \a”u'l=p((’j§3]§1 HV"Wl.p(m';)Sl

< sup
"'»7”\4,:1-1-!(351)51

(s (L) (L)
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2
= k(”fOHLP'(Q) EE k”'u‘l{:vl.p(sl)) = k(”f()”[,p’(gz) = kﬂ'[f’)
Where k is the constant of the embedding of W1P() into LP(d€),.

c) J and F are continuous operators. If u, — u, in W'?(Q). Then, we have |u, — ullwreg) —
0, [|[Vup = Vul|ppy — 0. lu, — u| Lz — 0 Applying Dominated Convergence Theorem, we obtain
11Vt P2Vt — [V[P=20) | oy — O and [ ([utnlP~22t — [ufP~2) | gy — O Hence

17 (um) = Tl grrmay = sup_ [(T(un) — TCu), o)

I‘\alllvl,p(g'x)él

1

1 1
< sup (( ([|Vun\p_2Vun - \V-u|p_2V-u] )p') ’ (] \f,a|p) i
el <1 o Q

el Lp()

e ([ (@ —r2)? ) ([ cf)) 0 esn o0,

Similarly, we have

HF(“n)*F(“)”(r,vl‘p(agz))’ = sup [{F' (un)—F(u), 0)| < k (.Jrasz [ f 2, un) — flz,u) ‘p) —0asn—

H%ﬂuwlm(ag)il

0.
d) Let p > 2, Va1, 22 € RY, we have the following inequality

|2 — a1 |P

|z2l? > |a1 [P+ plzy P2y (22 — 1) + o1 _ 1
Now,
(T(w) = J(@)ou— ¢} = ]Q [IVu[P~2Vu - [VelP~2V¢] (Vu - Vi)
+ [ P2 loP=e] )
Q
~ [19uP=29u(vu=ve) - [ [VeP=29¢(Vu- Vo)
Q Q
+ [ p=2utu= o) - [ loP2otu =) = 1+
Using (1), we get
h+1I > W/ \Vufv,o\pder f |u — ¢|Pdz
> (p) IV = Vellq + llu = :,ani,,m))
= c(p)|lu— !?9”:;;/’}.,[;(9).‘ for p > 2.
So
(Tw) = J(@)s 1~ 0) > e(p)llu— @l pqqy for p > 2. @)

Also, we get

(Fw) = Fe)u=g) = [ [f@n) = S o)u—g)

22023 455 ()50 (5)l aald 2alall
5
htps://doi.org/10.54582/TS] 2.2.62 ‘.'!“" L old]



Analysis and Numerical Results of p—Laplacian Effect on Steklov
Neumann Problems

Dr.Bassam Abdulqader Ateq Al-hamzah — Asso. Prof.Dr. Mohammed Ali Al-Hawmi

Since f is decreasing with respect to the second variable, we have
[f(@,u) = flz.@)](u—p) <0.
Consequently
(Fu) = F(p)u—y) = '[m[f(sr.-u) —f(@@)lu—y) <0. 3)
Equations (2) and (3) imply that
(Au) — Alp).u— @) = c(p)llu — @Il for p>2. (4)

So A is strongly monotone. Now, to apply Browder theorem, it remains to prove that A is a coercive
operator. From (4) , we have

{A(u),u) = (A(0), u) + e(p)l[ullfy10 ()
On the other hand
(A(0), u) = (J(0),u) — (F(0),u)

jf:c()
> ([ @7 ([ e

= _k”fﬁ"[,;:'(agz)”'””Wi-ﬂ(ém)-
Then
(A(“) LL) > (’(p)”u”u Le(q) k”f(l”Lp’(.:jg)|I“”['.-'1-P({')‘Q)-

So
(Alw),u) _

"“”wl.p(g!) —*00 HUHW'LP(Q)

So,after proving the coercivity condition. Thus the existence of weak solution for (Pj). The uniqueness
of weak solution of (P;) is a direct consequence of (4). Suppose that u, ¢ be a weak solutions of (P;)
such that u # ¢. Now, from (4), we have

= (A(u) — A(@),u — ¢} > c(p)llu — @lljy1p(q) = O

Therefore u = ¢ This completes the proof.

Theorem 2.2 Let p > 2,and f(x,u) € CAR(,R) satisfy (Hy) and (Hz). Then problem (P2) has o
unique weak solution.

Proof:
We define for the operator A : WhP(Q) — (WP(Q))', as A = J — F, where the operators .J : WP(Q) —
(Whr(Q)), and F: WhP(Q) — (W'P(Q))" are given by

(J(u)1:,s~):/ |Vu\”_2V-uV<,ad:c+/a(x)|u\”‘2u.<pdm
Q Q

p :ff(r,u)cpdsr:
Q

and
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for all u,p € W1P(£2). Thus, to find a weak solution of (P) is equivalent to finding WP (£2) which satisfies
the operator equation A(u) = 0. Following, the properties of the operators J and F'
a) J and F are well defined. Using Holders inequality, we have

Iw.¢) = [ 1VuP2vuTipds + [ ataup-upds
Q 1]

(I (), )| < fﬂ VupP=|Vldz + j (@l

a
Y]

([ (o) e fr) (o) <=

(F).) = [ f@u)pds

And

(F(u), )| < /Q | (. w)lde < f (fol@) + clulP~Y)|plda

Q
By Holders inequality,

< ([ Ifn(m)lp’);% (f Wf +e( L‘“‘p)ﬁ (/n"'g‘p)i =

And hence J, F' are well defined.
b) J and F are bounded operators. Indeed, for every u such that [|ully ey < M

. 1 1 1
I @)l giayy =  sup {J(u).@)| < sup ((fsz [Vul)¥ ([ [VelP)? + 8 (JolulP) ¥ (Jo |‘f’|p)p)
ll 1\.-1.1'(0)51 lle] wip@Sl
5 Ty 7+ Bllulfs < ull¥ + Bllul #2816l < 26MF
:”Sll;p (Vul|Zallelle + Bllullielll e | < VullZe + Bllullte < lull? + 8llu] 7 28||lul| 7 < 28M?¥ . Also,
o<1
we get
IF@ iy = w0 (F@AIS s folfol@) +clul gl
lellwp gy <1 lellu . =t

1 § i
< s ((Lier)” (e ) ([er)
llellwrpeysl \/& ) 2

< E(lLfoll oo gy + k”“”l?i’”’(ﬂ))

< k(”fo”,gp’(sz) EE kiM?)

Where k is the constant of the embedding of W7(Q) into LP(8).
c) J and F are continuous operators if u,, — u, in W1?(€2). Then, we have

lun — ullwre@) = 0, [|[Vun — Vul|Le) = 0, |un — ullrr — 0
Applying Dominated Convergence Theorem, we obtain

(| Vun P2V uy — [VulP~2Vu) || ey — 0

and

I (lun [P~ 20— [ufP~2u) || o) — O

22023 555 (2)54) (5) st
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Hence

17 (un) = Tl gpragay = sup I (un) = J(u),0)]

”V"‘IW'LP(H)SI

1 1
< sup (f ([IVun|P 2 Vun — | V[P~V )p,) ! (f |-\p|p)
el rp(oy <t Q Q

1

45 ([ (k=20 — =) ) ([ W)'%) 0881 - o0,

Similarly, we have

IF(un) — F@lgyimayy = sup |(F(un) — Flu), )]

Il t,may <1

<k (/ |fz,u,) — fz, u)|p');r — 0 asn — oo.
0

d) Let p > 2, V1,29 € RN, we have the following inequality

_ z2 —x1|”
|z2l? = |21 [P + pla1 [P~z (22 — 21) + %- (5)

Now, (J(u)=T(¢),u=¢) = fo [IVuP=2Vu — [VelP=2Ve] (Vu=V)+ [oa(z) [[uf~u— [oP~] (u—p)

= ] (IVulPVu(Vu — V)] — f (IVelP2Ve(Vu - V)]
Q 9]

+ [ a@lip~ru— ) - [ a@lieP ot =) = h+ .

Using (5), we get I) + I > M—pfl_—l) Jo Ve —VolPdr + ——2— (2p_ fﬂ z)|u — plPdz

> ac(p) (IVu — Volp) + lu— ¢l
= ac(p)llu— @l Tor p> 2

So

(I () = T(0),u— ) = ac(p)lu— @y for p= 2. (6)
Also, we get

(Fw) - Fl)u=) = [ [f@w) - fz. 0w =)
Since f is decreasing with respect to the second variable, we have

[f(,u) = f(z,9)](u—) <0.
Consequently
(Pl) — Flg).u—g) = [ [0 - fz.plu—p) <0. ™)

Equations (6) and (7) imply that

(A(u) — Ap)u— ) = elp)llu— Pl for p = 2 (8)
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So A is strongly monotone. Now, to apply Browder theorem, it remains to prove that A is a coercive
operator. From (8) , we have

(A(u), u) = (A(0), w) + e(P)lullfy1n(q)-

On the other hand
(A(0),u) = {J(0),u) — (F(0),u)

:fommu
24meMﬂLMﬁ

= _k”fl‘]”,gp'(g)H'UHI{:L;:(Q).
Then
(A(),u) > e(p)ulliyrp) = Fll foll Lo oy lellwrogey -

(Aw.w) _

el 1m0 [letllwrrmge

This proves the coercivity condition and so, the existence of weak solution for (P,). The uniqueness of
weak solution of (/%) is a direct consequence of (8). Suppose that u, p be a weak solutions of (P) such
that u # ¢. Now, from (8), we have

0= (A(w) — Ale),u — @) 2 c(p)llu — @Il = 0

Therefore u = ¢ This completes the proof.

3 Examples

To illustrate the effectiveness of our approach, we provide the following examples of linear and non-linear
to problem (Py).

Exemple 3.1 Leta.bcR, a<bletu:R =R and f : R2 » R. We pose
fla,u(z)) = —u(z) +1,
than the function f(x,u) is decreasing with respect to the second variable,
u'(a) = f(a,u(a)) = —u(a) + 1

u'(b) = f(b,u(b)) = —u(b) + 1.

such that u(z) = ae™ with o € R, is a solution to the problem

9u = f(x,u) on {a,b}

an

{ Au=uina,b],

because

Au(z) = —(—ae™) = u(z)
%(a —u(a) = —ae™ = f(a,u(a))
du

)=
52(0) = —u(b) = —ae™" = f(b,u(b))
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Exemple 3.2 Letu:R? = R and f: R?2 x R — R such that there exists a,b, o, 3 € R such that a < b
and u(xq, 9) = ae™ + fe™ and

—ae? ifry =a;Vea, y €R
e’ ifxy =bVra, y € R
fl(z1,22),y) = { —Be® ifra =a;Vr,y €R
Beb if xta =b;Vr,y €R
0 ifnon
Then u is a solution to the problem
Au=u in la, b[x]a, b
Sx = f(z,u) on {a} X [a,b] U {b} X [a.b]

x

1
Exemple 3.3 Leta,b € R, a<bletu:[a,b] = R and f: [a,b] x R — R such that u(z) =e V3

q17(2:5—_&—?:») : if:c c [ a+b] U {b}
. _ V2T b
f(i,?j) - { 27(2.7:—a b)y 1f1' & [_i'_ b]

Then u and f satisfying the problem

A4'u = 3(u")(u') -
(u)3(a) = —f(a,u(a))
()} (b) = f(b,u(b)

u?(x) in |a, b

4 Discretisation

To illustrate our numerical, we consider a Steklov problem (P;). In particular, let p = 2,9 =|a, b[, we
pose f(x,u(z)) = —u(r)+ 1, than the function f(z,u) is decreasing with respect to the second variable,
The problem (P;) becomes

{ Au = u dans Ja,b|,

% = f(z,u) = —u+1 sur {a,b} ©)

we set h = E%, x; = a + th, using Taylor expansion of x; = @ + ih a second-order with (1 < i <n—1)
we have

u = ﬂ1+1+L,::_1—21-‘-; = 1<i<n-—1
u'(a) = 7u(a+hf2_u(“ =—ufa)+1=—-up+1
u'(b) = M —u(b) +1 = —u, + 1

with Matlab, we obtain see (figure (1) and (2)).
With of Neumann problem (). In particular, let p = 2,9 =]a.b[, we pose f(z,u) is decreasing with
respect to the second variable, we pose a(x) = x® + 1, f(x,u(x)) = —u(z)e~* + 1, The problem (P;)
becomes
Au+ (22 + Du= —ue™ + 1 in ]a, b],
(*){ (3u =0 on {Cl. b}

we set h = iﬂ 2 = ih, using Taylor expansion of x; = a + ih a second-order with (1 <7 <n—1).
We have . ‘

Bttt = T L ((ih)? 4+ 1+ e u = 1 1<i<n-—1

Uipl + Ui—1 + (h2((ih)2 +14+ e_lh) — 2)?.13' = K2

W'(a) = 0= 2eth=ua) _ g 00—y

h
u'(b)=0= w=0,un=un_l
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Figure 1: Steklov problem in one dimen-
sion, we take a=1, b=2 and n=50

Figure 2: Steklov problem in one dimen-
sion, we take a=0, b=2 and n= 50

with Matlab, we obtain see (figure (3) and (4)).

Figure 3: Neumann problem in one dimen-
sion, we take a=1, b=2 and n=>50

Figure 4: Neumann problem in one dimen-
sion, we take a=0, b=2 and n= 50

In tlQle case :
—(STE—&-ST;‘) =fin ), where Q:0<z <1,0<y < 1. Wesuppose that f(z,y) = 872 sin(27z) sin(27y),
we have u(x,y) = sin(27z) sin(27y) is an exact solution,

—Au = f(z,y) = $7% sin(2nx) sin(27y)

we obtain the explicit scheme

8u Buy . Uigr,jHuio1 j—2u; 5 W1t j_1—2ui; o ; i A 1.
((-,1.2 l:]yi”l,] ~ Az + Ay == f:,] = A12u1+1,] i AIZMI—]J + Ayzuz,_ﬁ-l i

r}yg'ﬂ.i‘j_] — Q(ﬁg + rl_qg)-’_ij:j = fij. we have with the Matlab see (figure (5) and (6)).

Figure 5: Neumann problem in two di- Figure 6: Neumann problem in two di-
mensions, exact solution mensions, numerical solution
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The case nonlinear in example (2.3) we obtain the scheme

3 (da)* .
'ui_lzm—(ﬂi_'_l—zui), QSISH—I
w] = ug + %e_ﬁmdr

F
Up = Up_1 + %ejﬁ dzx,

we have with the Matlab see (figure (7) and (8)).

300 L ano )
o i 250
200
Figure 7: Steklov problem in two dimen- Figure 8: Steklov problem in two dimen-
sions, exact solution sions, numerical solution

5 Conclusion

This study explains the existence and uniqueness of weak solutions to the weighted p-Laplacian boundary
problems of Steklov and Neumann. The paper also presents numerical results. Additionally, to illustrate
the effectiveness of our approach, we provide three examples of both linear and nonlinear equations.
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